It is known that, for zero fermionic sector, ψ α µ (x) = 0, the bosonic equations of Cremmer-Julia-Scherk eleven-dimensional supergravity can be collected in a compact expression, R abα γ Γ b γ β = 0, which is a condition on the curvature R α β of the generalized connection w. In this letter we show that the equation
Introduction
Recently, the notion of generalized connection and generalized holonomy has been applied to the analysis of supersymmetric solutions of D = 10, 11 dimensional supergravity [1, 2, 3, 4, 5, 6, 7] . The generalized connection (see [8] )
involves, in addition to the true Lorentz (or spin) connection, the Lorentz covariant part
constructed from the tensor F abcd , the 'supersymmetric' field strength of the antisymmetric tensor field A µνρ (x) (see Eqs. (19)). In Eq. (2) F a [3] Γ [3] 
..b 4 β α and we have denoted the vielbein one-form dx µ e a µ (x) by E a , E a = dx µ e a µ (x). The generalized connection allows for a simple expression of the supersymmetric transformation rules for the gravitino (hence the name of 'supersymmetric' connection frequently used). Denoting the gravitino one-form by ψ α = dx µ ψ α µ (x), this variation is given by
It was already noticed in [8] that the gravitino equation of motion has also a compact form (see Eq. (25)) in terms of its generalized covariant (or 'supercovariant') derivativeD
defined for the generalized connection (1) . Then the following observation (see [4, 7] ) holds: when the fermionic sector is set to zero, all the bosonic equations of the Cremmer-Julia-Scherk (CJS) eleven-dimensional supergravity can be collected in the simple expression
which takes values in the Lie algebra of the generalized holonomy (holonomy of the generalized connection) group [1] 1 . A similarly concise equation in the case of the purely bosonic limit of massive type IIA supergravity was given recently in [13] . We present here the generalization of Eq. (5), to the case of nonzero gravitino, ψ α = 0. It reads
Eq. (7) (or (8)) collects all the bosonic equations when the gravitino is not zero, ψ α = 0. Although the final result is formulated as a statement about dynamical equations of motion and, in this sense, refers to the second order approach to supergravity, we find it convenient to use the first order supergravity action of [10, 11] . Our notation (which is explained in the text) is close to that in [11] and the same of [7, 12] .
First order action for D = 11 supergravity
The first order action for D = 11 supergravity [10, 11] ,
is the integral over eleven-dimensional spacetime M 11 of the eleven form L 11 which can be written as [10, 11] 
Following [11] (see also [12] ), we have introduced the notation
for the bifermionic 4-and 7-forms and
for the purely bosonic forms constructed from the antisymmetric tensor zero-form F abcd . We also use the compact notation
and Eq. (9) [to be compared with the notation of [11] , E
The action (10) is invariant under the local supersymmetry transformations δ ε , which are given by
plus more complicated expressions for δ ε ω ab and δ ε F abcd , which can be found in [11] and that will not be needed below. Let us stress that, as shown in [11] , the supersymmetry transformation rules of the physical fields are the same in the second and in the first order formalisms.
Equations of motion
In the first order action (10) one distinguishes between the true equations of motion and the algebraic (or nondynamical) equations
(see Eqs. (12), (13) for the notation) which follow, respectively, from the variation with respect to the spin connection ω ab L and the antisymmetric tensor F abcd
Notice that Eqs. (18), (19) are the counterparts of the superspace constraints of D = 11 supergravity (see [12] for a discussion and references), but for forms on eleven-dimensional spacetime. As far as the dynamical bosonic equations are concerned, one finds that the variation with respect to A 3 ,
results in
which becomes the standard CJS three-form gauge field equations of motion once the algebraic equations (constraints) (18), (19) are taken into account. The more complicated variation δ E with respect to the vielbein form, δ E L 11 = . . ., as well as the full expression of the Einstein equations
which follows from that variation, will not be needed here (see [11] ). After some algebra, the fermionic variation δ ψ of the Lagrangian form L 11 , Eq. (11), reads (cf. [11] )
whereDψ α is given by Eq. (4). Taking into account the algebraic equations (18), (19), and ignoring the (last) total derivative term in Eq. (24) one finds the gravitino equation of [8] written, as in [11] , in the suggestive differential form
4 Bosonic equations of D = 11 supergravity as a condition on the generalized curvature 4.1 A concise form of the bosonic equations from selfconsistency of the gravitino equations
It is important that the above gravitino equation, Ψ 10 β = 0, is expressed in terms of the covariant derivativeD, Eqs. (4), (1), (2) . As a result, the integrability/selfconsistency condition for Eq. (25) may be written in terms of the generalized curvature (6) .
βα , we obtain
The first term in the second part of Eq. (26) vanishes due to the algebraic (constraint) equation (18). Hence on the surface of constraints the selfconsistency of the gravitino equation is guaranteed when
Our main observation is that Eq. (27) (see Eq. (7) or (8)) collects all the bosonic equations of motion (22), (23) and the corresponding Bianchi identities for the A 3 gauge field and for the Riemann curvature tensor. Let us stress that we distinguish between the algebraic equations or constraints, Eqs. (18) and (19), from the true dynamical equations (22), (23), and that our statement above refers to the dynamical equations; thus it is also true for the second order formalism. To show this it is not necessary to make an explicit calculation. It is sufficient to use the second Noether theorem and/or the fact that the purely bosonic limit of (27) implies Eq. (5) (see Sec. 4.3 below), which is equivalent to the set of all bosonic equations and Bianchi identities when ψ α = 0.
Proof using the Noether identities for supersymmetry
In accordance with the second Noether theorem, the local supersymmetry under (15)-(17) reflects (and is reflected by) the existence of an interdependence among the bosonic and fermionic equations of motion; such a relation is called a Noether identity. Furthermore, as the local supersymmetry variation of the gravitino is given by the covariant derivativeDε α with generalized connection, Eq. (16), the gravitino equation Ψ should enter the corresponding Noether identity throughDΨ. Thus,DΨ should be expressed in terms of the equations of motion for the bosonic fields, in our case including the algebraic equations for the auxiliary fields. Hence, in the light of (26), (18) the l.h.s. of Eq. (27) vanishes when all the bosonic equations are taken into account. 2 This follows e.g., from direct calculation of t γ 1 α ∧Γ (8) 
Indeed, schematically, ignoring for simplicity the purely algebraic equations and neglecting the boundary contributions, the variation of the action (10), (11) (considered now in the second order formalism) reads
For the local supersymmetry transformations δ ε , Eqs. (16), (15) and (17), one finds integrating by parts
As δ ε S = 0 is satisfied for an arbitrary fermionic function ε α (x), it follows that
βα .
In the light of Eqs. (26) and (30), and after the algebraic equations (18), (19) are taken into account,
It then follows that M 10 αβ = 0, Eq. (27), is satisfied after the dynamical equations (23), (22) are used. Moreover, Eq. (31) also shows what Lorentz-irreducible parts of the concise bosonic equations M 10 αβ = 0 coincide with the Einstein and with the 3-form gauge field equations. These are given, respectively, by
It is clear that all other Lorentz-irreducible parts in Eq. (27), M 10 αβ = 0, are satisfied either identically or due to the Bianchi identities that are the integrability conditions for the algebraic equations (18), (19) used in the derivation of (31). Thus, we have proven that Eq. (27) collects all the dynamical bosonic equations of motion in the second order approach to supergravity. To see that it collects all the Bianchi identities as well, one may either perform a straightforward calculation or study the pure bosonic limit of Eq. (27). The latter way is simpler and it also provides an alternative proof of the above statement as we now show below.
Proof using the purely bosonic limit of the equations
For bosonic configurations, ψ α = 0, Eq. (27) takes the form
We show here that this equation is another form of Eq. (5) [7] ,
As the above equation (35) collects all the bosonic equations of standard CJS supergravity as well as all the Bianchi identities in the purely bosonic limit [4, 7] , the equivalence of Eqs. (35) and (34) will imply that M 10 αβ = 0, Eq. (27), does the same for the case of nonvanishing fermions, ψ α = 0. Decomposing R α β on the basis of bosonic vielbeins, R α β = 1/2E a ∧ E b R ba α β , one finds that Eq. (34) implies
Contracting (36) with Γ αδ c one finds
Then, contracting again with the Dirac matrix Γ αδ d and using
as well as Eq. (36) 
, but the two terms in the brackets are independent]. Knowing this, one may also reproduce the terms that include the Bianchi identities in the concise equation (7) (equivalent to (8) or (31)) with a nonvanishing gravitino.
Conclusion
We have shown that all the bosonic equations of D=11 supergravity can be collected in a single equation, Eq. (27), written in terms of the generalized curvature (6) which takes values in the algebra of the generalized holonomy group. In the first proof we used the shortcut provided by the second Noether theorem, which implies the Noether identity (30) for the local supersymmetry (15)-(17) relating the bosonic and fermionic equations. The second proof uses the purely bosonic limit (35) of the desired equation (27). This is simpler since the properties of the purely bosonic Eq. (35) are known [4, 7] and may also be used to simplify the extraction of Bianchi identities from Eq. (27), although we do not do it here.
The concise form (27) of all the bosonic equations is obtained by factoring out the fermionic one-form ψ β in the selfconsistency (or integrability) conditions DΨ 10 β = 0 [Eqs. Actually this should be expected for a supergravity theory including only one fermionic field, the gravitino, and whose supersymmetry algebra closes on shell. As we have discussed, the basis for such an expectation is provided by the second Noether theorem.
We hope that the explicit form (27) of the equation collecting all the bosonic equations of motion and Bianchi identities may be useful in a further understanding of the properties of D = 11 supergravity and in the analysis of its supersymmetric solutions, including those with nonvanishing fermionic sector (see [14] and refs therein).
